Skyrmion crystals (SkX) are periodic alignment of magnetic skyrmions, i.e., a type of topologically protected spin textures. Compared with ordinary crystals, they can be drastically deformed under anisotropic effects because they are composed of field patterns whose deformation does not cause any bond-breaking. This exotic ductility of SkX bring about great tunability of its collective excitations called emergent phonons, which are vital for magnonics application. The question is how to quantitatively determine the emergent phonons of distorted SkX. Here we systematically study the long wavelength emergent phonons of SkX distorted by (a) a negative exchange anisotropy, and (b) a tilted magnetic field. In both cases, deformation and structural transitions of SkX thoroughly influence the frequency, anisotropy of vibrational pattern and dispersion relation, and coupling between lattice vibration and in-lattice vibration for all modes. Tilted magnetic fields are very effective in tuning the emergent phonons, such that all modes except the Goldstone mode can be excited by AC magnetic fields when a tilted bias field is presented.
SkX[1-3] are a type of emergent crystalline states made up of magnetic skyrmions [4, 5] , i.e., a type of spin solitons with nontrivial topology, appearing in magnetic materials. They are important for realizing bottom-up microwave-and magnonics-related application [6] that go beyond state-of-the-art nanotechnology, because of their spontaneous existence [5, 7] , nanometer-sized composing particles [7, 8] , and exotic robustness [3, 9] due to local topological protection of skyrmions and global protection induced by mode-mode interactions [10] .. Moreover, an intrinsic advantage of SkX over any artificial superlattices is that unlike the latter ones which have almost fixed atomic structures once designed, SkX can undergo drastic deformation [11] [12] [13] or even structural phase transitions [3, 14] when subject to various kinds of external fields [11, 12, 15, 16] . Since the collective excitations of crystals depend sensitively on deformation and transition of the structure, we are expected to achieve great tunability of the dynamic properties of SkX while keeping the underlying material unchanged. The key scientific problem behind is how to quantitatively determine the elementary excitations of a distorted SkX phase under different conditions external fields. The collective excitations of SkX has been extensively studied [6, [17] [18] [19] [20] [21] [22] [23] [24] [25] , yet the influence of anisotropy on them has never been clarified.
Practically, effects of anisotropy is not only important, but also inevitable, because presence of various kinds of anisotropic interactions are naturally permitted by the symmetry of helimagnets [26] [27] [28] . These intrinsic anisotropies are closely related to the intrinsic distortion of skyrmion lattice revealed by the SANS experiment in MnSi[1] and and Cu 2 OSeO 3 [16] , as well as the triangular-square structural transition of SkX observed in Co 8 Zn 8 M n 4 [3] and MnSi [14] . The significance of this structural anisotropy to the elementary excitations has * Corresponding author.huyf3@mail.sysu.edu.cn already been observed when studying the spin excitations of SkX in Cu 2 OSeO 3 [29] . Meanwhile, in a previous work [30] we have find that the emergent phonons of undeformed hexagonal Bloch-type SkX at long wavelength limit are fundamentally different from those of ordinary crystals, such that the lattice vibration (resembling the acoustical branches of ordinary phonons) and in-lattice vibration (resembling the optical branches of ordinary phonons) of SkX are coupled in a proportion of all modes at long wavelength limit, leading to appearance of various types of emergent elastic waves with finite frequencies. It is of fundamental interest to see how such a unique feature of SkX changes when the distortion of SkX comes into play.
In this work we study the emergent phonons in distorted Bloch-type SkX near the long wavelength limit under two types of conditions: a) the distortion is induced by the intrinsic exchange anisotropy of the material, and b) the distortion is induced by a tilted bias magnetic field with an in-plane component. In both cases studied, we find that the deformation and structural transition of SkX has a thorough influence on the frequency, mode of vibrational, anisotropy of dispersion relation, and coupling between lattice vibration and in-lattice vibration for all emergent phonons. Specifically, lattice vibration and in-lattice vibration are always coupled at long wavelength limit for all the emergent phonon modes in SkX distorted by a tilted magnetic field. Moreover, when no anisotropic effects are consider, about half of the emergent phonon modes cannot be excited by applying a AC magnetic field. We find that when a tilted magnetic field is applied, all modes except the Goldstone mode can all be excited by an AC magnetic field. 
where m is the rescaled magnetization, b is the rescaled magnetic field,T is the rescaled temperature, andÃ e is the rescaled exchange anisotropy. In this work we study the following two types of conditions:
andÃ e = 0, where θ denotes the angle between the z-axis and the direction of the applied magnetic field, and when θ = π 2 the external magnetic field is applied along [110] . The two conditions (a) and (b) correspond to the simplest cases where the effect of an intrinsic anisotropic interaction and the effect of an anisotropic external field are considered, respectively. Condition (a) is chosen because it is previously understood [28] that a negative exchange anisotropy not only explains the intrinsic anisotropy of SkX reflected by the unequal intensities of the six Bragg spots in the SANS experiment of M nSi [1] and Cu 2 OSeO 3 [16] , but also repeat the triangle-square structural transition of SkX observed in Co 8 Zn 8 M n 4 [3] and MnSi [14] . Condition (b) is chosen because a tilted bias magnetic field is probably the most convenient external field [15, [31] [32] [33] [34] to induce a distortion of SkX, and a bias magnetic field is sometimes required to obtain a thermodynamically stable SkX [1] . Moreover, it may induce an easy axis (or hard axis) for the current driven motion of skyrmions [35] [36] [37] [38] in the SkX phase, whose direction is tunable by the in-plane direction of the tilted magnetic field. A tunable anisotropy of the skyrmion Hall effect [39] [40] [41] [42] is also anticipated.
Deformable SkX with long range order can be expressed analytically by the following Fourier expansion of [10, 43] For condition (a), minimization of the free energy based on eqs. (1, 2) at given b,T andÃ e determines if there is a metastable SkX phase. For a metastable SkX phase to become thermodynamically stable, the minimized free energy for the SkX phase must be the smallest one among all considered phases such as the ferromagnetic phase and the generalized conical (G-conical) phase (the G-conical phase is described by a constant magnetization vector plus a helix of magnetization, where the direction of both vectors is free to rotate in space). For condition (b), similar calculation is performed at given b,T and θ. One should notice that in condition (b) we assume the 2D SkX is always distributed in the x-y plane with the tilting of magnetic field. In reality this corresponds to SkX in a magnetic thin film with thickness less than a period of the SkX [44] . For the same reason, the direction of magnetization helix of the G-conical phase is fixed in the SkX plane so that we have the in-plane single-Q (IPSQ) [10] phase instead of the G-conical phase in Figure 1 (g). TheÃ e −b phase diagram for condition (a) and the θ−b phase diagram for condition (b) calculated at T = 0.5 are plotted in FIG. 1(f) and 1(g), respectively. In the two phase diagrams, the stable SkX region is marked blue while the metastable SkX region corresponds to a shadowed light green area. Due to the exotic robustness of the SkX phase confirmed in experiments[3, 9], we focus on the metastable SkX here. The decrease ofÃ e leads to a compression of the lattices of SkX in the y direction, and eventually leads to a triangle-square structural phase transition [28] (FIG. 1(a-c) ). On the other hand, the increase of θ leads to a rotation of SkX in the x − y plane, such that a pair of the vertexes of hexagon aligns with the in-plane direction of the magnetic field (FIG. 1(a, d , e)). Meanwhile, existence of an in-plane magnetic field breaks the hexagonal symmetry of the field configuration of skyrmion: as illustrated in FIG. 1(e), the magnitude of in-plane components of magnetization inside the pink circle region is depressed since they align opposite to the in-plane magnetic field, while that inside the green circle region is enhanced.
For a metastable SkX state of interest, its equilibrium magnetization is described by (m q l ) st , ε e ij st and (ω e ) st , where the latter two determine a equilibrium emergent displacement field (u e ) st . Consider a small vibration around this metastable state, which induces simultaneously a vibration of u e denoted by (u e ) v (r, t) and a vibration of m q l denoted by (m q l ) v (r, t). In this case, eq. (2) becomes [30, 45] derived from the least action principle, which is briefly introduced in the Methods section. The details on how to derive the Euler-Lagrangian equation is introduced in [45] , and the solution process of the dispersion relation is exactly the same as that introduced in [30] . We denote the frequencies of different modes by ω i (k) (or equivalentlyω i (k) = ω i (k)/η, where η is a material dependent factor so thatω i (k) is material independent), ordered in such a way that ω 1 (0) < ω 2 (0) < ω 3 (0) < · · · calculated atT = 0.5, b = 0.3,Ã e = 0 and θ = 0.
Ef f ects of exchange anisotropy on the emergent phonons of SkX We first consider the emergent phonons of metastable SkX at long wavelength limit under condition (a). In particular, we perform the calculation atT = 0.5, b = 0.3, and different values ofÃ e . AsÃ e decreases, all modes present increasingly significant anisotropy of the vibrational pattern, which are generally categorized into two types of changes: (1) an induced anisotropy of the vibrational pattern of skyrmion inside the lattice, and (2) a change of vibrational pattern due to the triangle-square structural phase transition. Changes of type (1) includes: AsÃ e decreases, the vibrational pattern of skyrmion in the ω 3 (CCW) mode changes from a circle to a triangle (FIG. 2(a3, b3 , · · · , f3), Supplementary Videos a3, b3); one of the three antenna of the ω 4 mode gradually disappears (FIG. 2(a4, b4 , · · · , f4) Supplementary Videos a4, b4); when extended to its maximum size during the breathing motion of ω 5 mode, the skyrmion field pattern has two extremum points of m 3 (FIG. 2(e5) , Supplementary Videos a5, b5). Changes of type (2) includes: due to the triangle-square structural phase transition, the vibrational pattern of skyrmions of the ω 2 mode will form parallel stripes, each of which similar to a Bloch-type domain wall, while new skyrmions are formed between every two stripes (FIG. 2(e2, f2) , Supplementary Video b2); the shape of intermediate area between skyrmions for the ω 5 (breathing) mode changes from a triangle (pink triangle in FiG. 2 (c5) ) to a square (green square in FiG. 2 (e5) ).
Variation of the frequencies of the first 8 modes withÃ e is plotted in FiG. 3(a) , where a break point appears for all modes at the triangle-square structural phase transition. Meanwhile, several neighboring modes (e.g., ω 4 and ω 5 ) undergo a crossing of frequency asÃ e decreases.
The long wavelength dispersion relation of all modes possesses certain degree of anisotropy asÃ e decreases (FIG. 4) , specifically, the dispersion relation ω 4 (k) at long wavelength becomes nearly independent ofk 2 (FIG.  4(c4) ).
Ef f ects of a tilted magnetic f ield on the emergent phonons of SkX We then consider the emergent phonons of metastable SkX at long wavelength limit under condition (b). In particular, we perform the calculation atT = 0.5, b = 0.3, and different values of θ at long wavelength limit. As θ increases, the inter-mode coupling of the vibrational pattern becomes increasingly significant (FIG.2, Supplementary Videos ci, di, (i = 1, 2, · · · , 6) 
• ) such that the vibrational pattern of the two modes are similar to each other (FIG. 2(i5, j5, i6, j6) , Supplementary Videos d5, d6). We also observe an increasing anisotropy of the vibrational pattern of all modes as θ increases, while the induced anisotropy depends on the direction of the in-plane magnetic field in a complicated way (FIG.  2 , Supplementary Videos ci, di, (i = 1, 2, · · · , 6)).
The frequencies of all vibrational modes vary with θ, as illustrated in FiG. 3(b) . The long wavelength dispersion relation of all modes except ω 1 (the Goldstone mode) possesses significant anisotropy as θ increases (FIG. 4) , while the induced anisotropy depends sensitively on the direction of in-plane magnetic field. As illustrated in  FIG. 4(e2, e3, e5) , at θ = 45
• , the frequencies of ω 2 , ω 3
and ω 5 become almost independent of k near the point whenk is perpendicular to the in-plane magnetic field.
Coupling between lattice vibration and in − lattice vibration of emergent phonons in SkX when anisotropic ef f ects are considered In previous study [30] , we have found that a unique feature of the emergent phonons at long wavelength limit is that a part of the modes permits coupling between vibration of the lattices and vibration of the field pattern inside the lattices. It means that multiple modes of emergent elastic waves with finite frequency at long wavelength limit are allowed to propagate in SkX. While anisotropic effects are considered, we find that generally speaking the coupling between vibration of the lattice and vibration of the skyrmion pattern inside the lattice is enhanced. To study the different effects induced by negative exchange anisotropy and tilted magnetic fields, we list in Table 1 the values of u e0 and m c0 in the eigenvectors for the first 16 modes of emergent phonons of SkX calculated at 5 different conditions ofÃ e and θ. As defined previously [30] , the modes with nonzero components of u e0 in the eigenvector at long wavelength limit are called emergent elastic waves, and the modes with nonzero components of m c0 in the eigenvector can be stimulated by corresponding AC magnetic fields. As listed in Table1, presence of exchange anisotropy turns several modes to emergent elastic waves, while the values of u e0 1 and u e0 2 in the eigenvector of all emergent elastic waves differ from each other. It means that the lattice vibration of these modes has different magnitude in direction x and direction y. On the other hand, when a tilted magnetic field is applied, all modes turn to emergent elastic waves at long wavelength limit, and the components of m c0 in the eigenvector of all modes are always nonzero, which means that all the vibrational modes can always be stimulated by an AC magnetic field. Our results show that the previously unexplained two novel magnon modes of SkX observed in Cu 2 OSeO 3 [29] may indeed be induced by anisotropic effects. We theoretically prove that a tilted magnetic field will be very useful to tune the dynamical properties of the SkX. One can control the direction of anisotropy of dispersion relation by changing the direction of in-plane bias magnetic field; while greatly increasing the number of modes that can be excited by an AC magnetic field.
II. METHODS

F ree energy density f unctional of B20 chiral magnets and its rescaling
We use the following free energy density functional to study magnetic skyrmions in cubic helimagnets
where M denotes the magnetization, B denotes the magnetic field, and T denotes the temperature. The terms on the rhs. of eq. (4) denote respectively the exchange energy density with a coefficient A, the Dzyaloshinskii-Moriya interaction (DMI) with a coefficient D, the Zeeman energy density, the second and fourth order Landau expansion terms, and the exchange anisotropy interaction with coefficient A e . Eq. (4) can be simplified by rescaling the spatial variables as r =
, and 4) is that it provides a free energy density functional that is independent of material parameters, so that results obtained from analyzing eq. (1) has general significance to Bloch-type SkX in any B20 helimagnets.
F ourier representation of SkX and f ree energy minimization
To determine a metastable SkX state at givenT and b, one has to substitute the analytical expression of m for the SkX phase into eq. (1), and minimize the free energy of the system with respect to all independent variables. In practice, we use the following Fourier representation of SkX instead of eq. (2) [43] 
where m c denotes a constant vector, F e ij (r) = ε e ij + ω e ij = u e i,j , and q ij denote the undeformed wave vectors organized according to the following rules: |q 1j | < |q 2j | < |q 3j | < ......, and |q i1 | = |q i2 | = ...... = |q ini |. When truncated at a specific value of n, the n th order Fourier representation given in eq. (5) saves all the significant Fourier terms up to the n th order, which is hard to achieve if one uses eq. (2).
It is convenient to expand m qij as m qij = c ij1 P ij1 + c ij2 P ij2 + c ij3 P ij3 , where c ij1 = c
are complex variables to be determined, and 
where the length of m q depends on the order of Fourier representation used. For 1 st , 2 nd , and 3 rd order Fourier representation, the length of m q is 21, 39 and 57, respectively. At givenT and b, minimization of the free energy based on eq. (5) determines the equilibrium value of the two vectors ε ε ε ea and m q for a metastable SkX phase, which are denoted by (ε ε ε ea ) st and (m q ) st . To see if the metastable SkX corresponds to the thermodynamically stable state, we have to compare the minimized free energy for the SkX phase with that for the other possible states such as the ferromagnetic phase, the G-conical phase, and the IPSQ phase. Expression of magnetization for the ferromagnetic phase and the IPSQ phase are included in eq. (5), while expression of the rescaled magnetization for the G-conical phase is composed of a constant vector plus a helix of magnetization, where both the direction of the constant vector and the wave vector of the helix are free to rotate in space.
When anisotropic effects are considered, the solution of (ε ε ε ea ) st and (m q ) st generally possesses lower symmetry. For example, for hexagonal SkX free from any in-plane anisotropy, we always have (ε 
where ( 
where L = E K − Φ is the Lagrangian of the system, E K denotes the kinetic energy, Φ denotes the free energy, and u 
where
Here R eq * and K eq * denote complex conjugate of R eq and K eq . In eqs. (12, 13) , In the two phase diagrams, the stable SkX region is marked blue while the metastable SkX region corresponds to a shadowed light green area. 
